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Abstract:
Recently, Holm and Ivanov, proposed and studied a class of multi-component generalisa-
tions of the Camassa-Holm equations [D D Holm and R I Ivanov, Multi-component gen-
eralizations of the CH equation: geometrical aspects, peakons and numerical examples, J.
Phys A: Math. Theor 43, 492001 (20pp), 2010]. We consider two of those systems, denoted
by Holm and Ivanov by CH(2,1) and CH(2,2), and report a class of integrating factors
and its corresponding conservation laws for these two systems. In particular, we obtain
the complete sent of first-order integrating factors for the systems in Cauchy-Kovalevskaya
form and evaluate the corresponding sets of conservation laws for CH(2,1) and CH(2,2).
1 Introduction
It is well known that certain conservation laws of shallow water wave equations, such as
the Camassa-Holm equation [4] and the the Degasperis-Procesi equation [8], are useful
to prove blow-up, cf. the papers [5], [18] and [15]. Furthermore, conservation laws play
a central role in the prove of the global existence (in time) for solutions evolving from
certain initial data, cf. the paper [6], and for proving the stability of peakons for both
model equations, cf. the papers [7], [12] and [13]. In the context of the Camassa-Holm
equation they are instrumental in the set-up of a theory of global weak solutions for
nonlinear nonlocal conservation laws, cf. the considerations in the papers [2], [3] and [10]
In the current paper we derive all first-order integrating factors and its correspond-
ing conservation laws for some recently proposed multi-component generalizations of the
Camassa-Holm equation [11]. We concentrate on two explicit systems, namely CH(2,1)
and CH(2,2), proposed by Holm and Ivanov in [11] (see 1.1a) – (1.1b) and (1.6a) – (1.6b)
below).
We recently reported in [9] the complete set of first-order integrating factors and con-
servation laws for a classs of Camassa-Holm type equations, which includes the Camassa-
Holm equation [4] and the the Degasperis-Procesi equation [8]. Our approach applied in
2this paper is based on the direct method described by Anco and Bluman in their paper
[1], which can be applied to derive conservation laws of evolution equations that are in
Cauchy-Kovalevskaya form. We also refer the reader to [16] and [17] for more details and
alternate methods for computing conservation laws for partial differential equations and
systems.
Consider the two-component Camassa-Holm equations introduced and denoted by
Holm and Ivanov [11] as CH(2,1), which has the following form:
σ1qt + 2qux + uqx + σρρx = 0 (1.1a)
ρt + ρux + uρx = 0, (1.1b)
where
q = σ1u− uxx + s (1.2)
and s, σ and σ1 are arbitrary constants. The physically interesting cases are σ = ±1 and
σ1 = 1 or σ1 = 0. By defining the new dependent variables
u := U1, ux := U2 (1.3a)
uxx := U3, ρ := U4 (1.3b)
and the change of independent variables,
X := t, T := x, (1.4)
we can write system (1.1a) – (1.1b) in the following Cauchy-Kovalevskaya form:
E1 := U1,T − U2 = 0 (1.5a)
E2 := U2,T − U3 = 0 (1.5b)
E3 := U3,T − σ
2
1U
−1
1
U1,X + σ1U
−1
1
U3,X − 3σ1U2 + 2U
−1
1
U2U3 + σU
−2
1
U4U4,X
+σU−2
1
U2U
2
4 − 2sU
−1
1
U2 = 0 (1.5c)
E4 := U4,T + U
−1
1
U4,X + U
−1
1
U2U4 = 0. (1.5d)
The second 2-component Camassa-Holm equation that we study in the current paper,
denoted by CH(2,2), has the form [11]
q1,t + u0q1,x + 2q1u0,x + u1q2,x + 2q2u1,x = 0 (1.6a)
q2,t + u0q2,x + 2q2u0,x = 0, (1.6b)
where
q1 = u1 − u1,xx + s1 (1.7a)
q2 = u0 − u0,xx + 3u
2
1 − u
2
1x − 2u1u1,xx + 4s1u1 + s2. (1.7b)
3Here s1, s2 are arbitrary constants. By defining the new dependent variables
u0 := U1, u0,x := U2, u0,xx := U3 (1.8a)
u1 := U4, u1,x := U5, u1,xx := U6 (1.8b)
and the change of independent variables (1.4), we can present (1.6a) – (1.6b) in the
following Cauchy-Kovalevskaya form:
E1 := U1,T − U2 = 0 (1.9a)
E2 := U2,T − U3 = 0 (1.9b)
E3 := U3,T + 12U
−1
1
U34U5 − 4U
−1
1
U4U4,X + 2U
−1
1
U5U5,X − 4s1U
−1
1
U4,X
+4U5U6 − 4s1U5 + 2U
−1
1
U2U3 − 6U
−1
1
U2U
2
4 + 2U
−1
1
U2U
2
5 − 2s2U
−1
1
U2
−4s1U
−1
1
U2U4 − 12U
−2
1
U2U
4
4 + 2U
−1
1
U6U4,X − 8U
−1
1
U24U5U6
+16s1U
−1
1
U24U5 + 4U
−2
1
U24U6U4,X − 8s1U
−2
1
U24U4,X + 4U
−2
1
U24U2U3
+4U−2
1
U24U2U
2
5 + 8U
−2
1
U2U
3
4U6 − 16s1U
−2
1
U2U
3
4 − 4s2U
−2
1
U2U
2
4
+4U−2
1
U24U5U5,X − 4U
−1
1
U3U4U5 + 4s2U
−1
1
U4U5 − 12U
−2
1
U34U4,X
+2U−2
1
U24U3,X + 4U
−2
1
U34U6,X − 4U
−1
1
U4U
3
5 − 2U
−2
1
U24U1,X
−U−1
1
U1,X + U
−1
1
U3,X − 3U2 = 0 (1.9c)
E4 := U4,T − U5 = 0 (1.9d)
E5 := U5,T − U6 = 0 (1.9e)
E6 := U6,T + 4U
−1
1
U4U5U6 − 8s1U
−1
1
U4U5 + 2U
−1
1
U35 − 3U5 − U
−1
1
U4,X
+U−1
1
U6,X − 2U
−2
1
U24U6,X + 6U
−2
1
U2U
3
4 − U
−2
1
U4U3,X + U
−2
1
U4U1,X
+6U−2
1
U24U4,X − 2U
−2
1
U4U6U4,X + 4s1U
−2
1
U4U4,X − 2U
−2
1
U2U3U4
−2U−2
1
U2U4U
2
5 − 4U
−2
1
U2U
2
4U6 + 8s1U
−2
1
U2U
2
4 + 2s2U
−2
1
U2U4
−2U−2
1
U4U5U5,X + 2U
−1
1
U3U5 − 2s2U
−1
1
U5 + 2U
−1
1
U2U6
−2s1U
−1
1
U2 − 6U
−1
1
U24U5 = 0. (1.9f)
The above first-order Cauchy-Kovalevskaya systems can now be investigated for inte-
grating factors to derive conservation laws for the systems; which then leads to conservation
laws of the systems CH(1,1) and CH(2,2) in the original variables.
42 General description
In this section we breifly describe the direct method [1] of integrating factors (or multipli-
ers) for the general first-order Cauchy-Kovalevskaya system of six equations:
Ej := Uj,T − Fj(U1, . . . , U6, U1,X , . . . , U6,X) = 0, j = 1, 2, . . . , 6. (2.1)
Every conserved density, ΦT , and conserved flux, ΦX , of system (2.1) must satisfy
DTΦ
T +DXΦ
X
∣∣∣∣
~E=~0
= 0, (2.2)
where, in general, both ΦT and ΦX are functions of X,T,Uj as well as X-derivatives of Uj .
Moreover, every ΦT requires six integrating factors, {Λ1, Λ2, . . . ,Λ6}, which are directly
related to the conserved density by the relation [1]
Λk = Eˆ[Uk]Φ
T , k = 1, 2, . . . , 6. (2.3)
Here Eˆ is the Euler Operator,
Eˆ[Uk] :=
∂
∂Uk
−DT ◦
∂
∂Uk,T
+
q∑
j=1
(−1)jDjX ◦
∂
∂Uk,jX
, (2.4)
where we use the notation
Uk,jX :=
∂jUk
∂Xj
.
The conditions on the integrating factors, {Λj}, of system (2.1) are
Eˆ[Uk] (Λ1E1 + Λ2E2 + · · ·+ Λ6E6) = 0, k = 1, 2, . . . , 6. (2.5)
However, since all integrating factors of system (2.1) are adjoint symmetries of the system
(2.1), we can calculate {Λj} by the condition


L∗E1 [U1] L
∗
E2
[U1] · · · L
∗
E6
[U1]
L∗E1 [U2] L
∗
E2
[U2] · · · L
∗
E6
[U2]
...
...
...
...
L∗E1 [U6] L
∗
E2
[U6] · · · L
∗
E6
[U6]




Λ1
Λ2
...
Λ6


∣∣∣∣∣∣∣∣∣∣∣∣∣
~E=~0
=


0
0
...
0


(2.6)
5and then require the self-adjointness condition on {Λj} (as integrating factors are varia-
tional quatities), namely


LΛ1 [U1] LΛ1 [U2] · · · LΛ1 [U6]
LΛ2 [U1] LΛ2 [U2] · · · LΛ2 [U6]
...
...
...
...
LΛ6 [U1] LΛ6 [U2] · · · LΛ6 [U6]




E1
E2
...
E6


=


L∗
Λ1
[U1] L
∗
Λ2
[U1] · · · L
∗
Λ6
[U1]
L∗
Λ1
[U2] L
∗
Λ2
[U2] · · · L
∗
Λ6
[U2]
...
...
...
...
L∗
Λ1
[U6] L
∗
Λ2
[U6] · · · L
∗
Λ6
[U6]




E1
E2
...
E6


. (2.7)
(2.8)
Here L is the linear operator and L∗ its adjoint:
LP [Uj ] :=
∂P
∂Uj
+
p∑
i=1
∂P
∂Uj,iT
DiT +
q∑
k=1
∂P
∂Uj,kX
DkX (2.9a)
L∗P [Uj ] :=
∂P
∂Uj
+
p∑
i=1
(−1)i DiT ◦
∂P
∂Uj,iT
+
q∑
k=1
(−1)k DkX ◦
∂P
∂Uj,kX
. (2.9b)
Note that the self-adjointness condition, (2.7), is independent of the form of the evolution
system (2.1) and only depends on the functional arguments of {Λj} as well as the number
of equations in the system.
3 Integrating factors for system (1.5a) – (1.5d) and conser-
vation laws for (1.1a) – (1.1b):
Solving conditions (2.6) and (2.7) for system (1.5a) – (1.5d), the complete set of first-order
integrating factors {Λ1, . . . ,Λ4}, of the form
Λj = Λj(X,T,U1, . . . , U4, U1,X , . . . , U4,X), j = 1, 2, . . . , 4
6for arbitrary σ, σ1 6= 0 and s is as follows:
Λ1 = λ1U4 + 2λ2
(
s+
3
2
σ1U1 −
1
2
U3
)
−λ3
(
σ1U2,X − 2sU1 − σU
2
4 − 3σ1U
2
1 + 2U1U3
)
σ−1
1
(3.1a)
Λ2 = −λ2U2 + λ3U1,X (3.1b)
Λ3 = −λ2U1 − λ3σ
−1
1
U21 (3.1c)
Λ4 = λ1U1 + λ2σU4 + 2λ3σσ
−1
1
U1U4 (3.1d)
where λj are arbitrary constants. This leads to the following three sets of conserved
density, Φt, and conserved flux, Φx, for the original system (1.1a) – (1.1b) (separated by
means of the arbitrary λ1, λ2 and λ3, respectively ):
Φt1 = ρ (3.2a)
Φx1 = uρ (3.2b)
Φt2 = σ
2
1u− σ1uxx (3.3a)
Φx2 = 2su+
1
2
σρ2 +
3
2
σ1u
2 − uuxx −
1
2
u2x (3.3b)
Φt3 =
(
−σ1u
2
x +
1
2
σρ2 +
1
2
σ21u
2 − σ1uuxx +
1
2
σ1u
2
x
)
σ−1
1
(3.4a)
Φx3 =
(
σ1uxut + su
2
x + σuρ
2 + σ1u
3 − u2uxx
)
σ−1
1
(3.4b)
Some special must be considered:
Special Case 1: σ = 0 with σ1 arbitrary, but nonzero, and s arbitrary. The integrating
factors are as follows:
Λ1 =
2U3 − 3σ1U1 − 2s
(σ1U1 − U3 + s)1/2
, Λ2 = 0 (3.5)
Λ3 =
U1
(σ1U1 − U3 + s)1/2
, Λ4 = 0. (3.6)
and the corresponding conserved current for system (1.5a) – (1.5d) is
Φt = σ1 (σ1u− uxx + s)
1/2 (3.7a)
Φx = (σ1u− uxx + s)
1/2 . (3.7b)
7Special Case 2: σ = 0 with σ1 = 1 and s arbitrary. The integrating factors are as
follows:
Λ1 = −
U1W
3H ′(W )
U4
+ 2U4H(W ), Λ2 = 0 (3.8a)
Λ3 =
U1W
3H ′(W )
U4
, Λ4 = 2U1
(
WH ′(W ) +H(W )
)
, (3.8b)
where H(W ) is an arbitrary differentiable function with
W :=
U4
(U1 − U3 + s)1/2
. (3.9)
The conserved current for system (1.5a) – (1.5d) is then
Φt = H(w)ρ (3.10a)
Φx = H(w)uρ. (3.10b)
Here the argument, w, in the arbitrary function H, is
w :=
ρ
(u− uxx + s)1/2
. (3.11)
Special Case 3: σ arbitrary, but nonzero, with σ1 = 1 and s arbitrary. The integrating
factors are as follows:
Λ1 =
U3 − 2U1 − s
σU4
, Λ2 = 0, (3.12a)
Λ3 =
U1
σU4
, Λ4 =
sU1 − σU
2
4 + U
2
1 − U1U3
σU2
4
. (3.12b)
The conserved current for system (1.5a) – (1.5d) is then
Φt =
uxx − u− s
σρ
(3.13a)
Φx =
uuxx − u
2 − σρ2 − su
σρ
. (3.13b)
Special Case 4: σ1 = 0 with σ and s arbitrary. The integrating factors are as follows:
Λ1 = (U3 − 2s)H(X,W ), Λ2 = U2H(X,W ) (3.14a)
Λ3 = U1H(X,W ), Λ4 = −σU4H(X,W ), (3.14b)
where H is an arbitrary differentiable function and
W :=
1
2
(
−4sU1 − σU
2
4 + 2U1U3 + U
2
2
)
. (3.15)
8The conserved current for system (1.5a) – (1.5d) is then
Φt = 0 (3.16a)
Φx = wH(t, w), (3.16b)
where
w :=
1
2
(
−4su− σρ2 + 2uuxx + u
2
x
)
. (3.17)
Special Case 5: σ1 = 0 with σ arbitrary, but nonzero, and s arbitrary. The integrating
factors are as follows:
Λ1 =
2
σ
(
sU1 +
σ
2
U24 − U1U3
)
, Λ2 = 0 (3.18a)
Λ3 = −
U21
σ
, Λ4 = 2U1U4. (3.18b)
The conserved current for system (1.5a) – (1.5d) is then
Φt =
ρ2
2
(3.19a)
Φx =
1
σ
(
su2 + σuρ2 − u2uxx
)
. (3.19b)
4 Integrating factors for system (1.9a) – (1.9f) and conser-
vation laws for (1.6a) – (1.6b):
Solving conditions (2.6) and (2.7) for system (1.9a) – (1.9f), the complete set of first-order
integrating factors {Λ1, . . . ,Λ6}, of the form
Λj = Λj(X,T,U1, . . . , U6, U1,X , . . . , U6,X), j = 1, 2, . . . , 6
9are the following:
Λ1 = λ1
(
2U6U1 + 2U3U4 + 2U4U
2
5 + 4U
2
4U6 − 6U
3
4 − 2s1U1 − 8s1U
2
4 − 6U1U4
−2s2U4 + U5,X) + λ2
(
U3 + 2U
2
5 − 4s1U4 − 3U1 − 2s2
)
+λ3 (U6 − 3U4 − 2s1) + λ4
(
−8s21U4 − 2s1s2 − s1U1 + 2s1U3 − 22s1U
2
4
+12s1U4U6 + 2s1U
2
5 − 4s2U4 + 2s2U6 − 3U1U4 + U1U6 + 4U3U4 − 2U3U6 − 12U
3
4
+14U24U6 + 4U4U
2
5 − 4U4U
2
6 − 2U5U6
)
Z−3/2
+
λ5
2
(
−8s1U4 − 2s2 − 3U1 + 2U3 − 6U
2
4 + 4U4U6 + 2U
2
5
)
Z−1/2 (4.1a)
Λ2 = −λ1U4,X + λ2U2 + λ3U5 (4.1b)
Λ3 = 2λ1U1U4 + λ2
(
U1 − 2U
2
4
)
+ λ3U4
+λ4
(
−s1U1 + 8s1U
2
4 + 2s2U4 + U1U4 + U1U6 − 2U3U4 + 6U
3
4
−4U24U6 − 2U4U
2
5
)
Z−3/2 +
λ5
2
U1Z
−1/2 (4.1c)
Λ4 = λ1
(
2U1U
2
5 + 2U1U3 + 2U4U5,X − 2s2U1 − 3U
2
1 − 18U1U
2
4 + U2,X
−16s1U1U4 + 8U1U4U6) + λ2
(
24U34 − 4U3U4 − 4U4U
2
5 − 12U
2
4U6 − 2U5,X
+24s1U
2
4 − 4s1U1 + 4s2U4
)
+ λ3
(
U3 + 4U4U6 − 3U1 + 2U
2
5 − 12U
2
4
−12s1U4 − 2s2) + 2λ4
(
2s21U1 − 48s
2
1U
2
4 − 20s1s2U4 − 19s1U1U4 − 3s1U1U6
+20s1U3U4 − 84s1U
3
4 + 48s1U
2
4U6 + 20s1U4U
2
5 − 2s
2
2 − 5s2U1 + 4s2U3 − 18s2U
2
4
+10s2U4U6 + 4s2U
2
5 − 3U
2
1 + 5U1U3 − 18U1U
2
4 + 8U1U4U6 + 5U1U
2
5 + U1U
2
6 − 2U
2
3
+18U3U
2
4 − 10U3U4U6 − 4U3U
2
5 − 36U
4
4 + 42U
3
4U6 + 18U
2
4U
2
5 − 12U
2
4U
2
6
−10U4U
2
5U6 − 2U
4
5
)
Z−3/2 + λ5U1 (−2s1 + 3U4 + U6)Z
−1/2 (4.1d)
Λ5 = λ1 (4U1U4U5 − U1,X − 2U4U4,X) + λ2
(
4U1U5 − 4U
2
4U5 + 2U4,X
)
+λ3 (U2 + 4U4U5)− 2λ4U5
(
s1U1 − 8s1U
2
4 − 2s2U4 − U1U4 − U1U6 + 2U3U4
−6U34 + 4U
2
4U6 + 2U4U
2
5
)
Z−3/2 + λ5U1U5Z
−1/2 (4.1e)
Λ6 = λ1
(
U21 + 4U1U
2
4
)
− 4λ2U
3
4 + λ3
(
U1 + 2U
2
4
)
+ 2λ4
(
3s1U1U4 + 8s1U
3
4 + s2U1
+2s2U
2
4 − U
2
1 − U1U3 + 4U1U
2
4 − U1U4U6 − U1U
2
5 − 2U3U
2
4 + 6U
4
4
−4U34U6 − 2U
2
4U
2
5
)
Z−3/2 + λ5U1U4Z
−1/2, (4.1f)
10
where
Z := s1U4 − s2 − U1 + U3 − 3U
2
4 + 2U4U6 + U
2
5 . (4.2)
This leads to the following set of three conserved densities and conserved flux for the
system (1.6a) – (1.6b):
Φt1 = u1u0,xx + u
2
1u1,xx − u0u1 − 2s1u
2
1 − 2u
3
1 (4.3a)
Φx1 =
(
u0 + u
2
1
)
u1,xt + 2u0u1u0,xx + 2u0u1u
2
1,x +
(
4u0u
2
1 + u
2
0
)
u1,xx
−
1
2
u20 (6u1 + 2s1)− u0
(
6u31 + 2s2u1 + 8s1u
2
1
)
− u0,xu1,t (4.3b)
Φt2 = 2u1u1,xx + u0,xx − u0 − 2u
2
1 + 2u
2
1,x − 4s1u1 (4.4a)
Φx2 = −2u1u1,xt + (u0 − 2u
2
1)u0,xx − 4u
3
1u1,xx +
1
2
u20,x + 2(u0 − u
2
1)u
2
1,x
−2(s2 + 2s1u1)u0 −
3
2
u20 + 2u
2
1(s2 + 4s1u1 + 3u
2
1) (4.4b)
Φt3 = u1,xx − u1 (4.5a)
Φx3 = (u0 + 2u
2
1)u1,xx + u1u0,xx + u0,xu1,x + 2u1u
2
1,x − (2s1 + 3u1)u0
−2u1(s2 + 3s1u1 + 2u
2
1). (4.5b)
Φt4 = 2 (s1 − u1,xx + u1) z
−1/2 (4.6a)
Φx4 = 2
(
s1u0 + 8s1u
2
1 + 2s2u1 + 3u0u1 − u0u1,xx − 2u0,xxu1 + 6u
3
1
−4u21u1,xx − 2u1u
2
1,x
)
z−1/2 (4.6b)
Φt5 = z
1/2 (4.7a)
Φx5 = u0z
1/2, (4.7b)
where
z := s1u1 − s2 − u0 + u0,xx − 3u
2
1 + 2u1u1,xx + u
2
1,x. (4.8)
11
5 Concluding remarks
We have derived the complete set of first-order integrating factors for the systems CH(2,1)
and CH(2,2) in Cauchy-Kovalevskaya form. The corresponding sets of conservation laws
related to these integrating factors have been derived for both these systems. It would
certainly be interesting to calculate higher-order integrating factors, although the compu-
tations involved for such calculations appear to be rather challenging. We aim to report
some results in a future paper.
We expect that the same method than was applied here could also be used to find
conservation laws for more general CH-systems proposed in [11] and [14].
Acknowledgements
ME and NE thanks the New Jersey Institute of Technology for there hospitality during
their sabbatical leave at this institute. ME and NE also thank the Wenner-Gran Founda-
tion and Lule˚a University of Technology for financial support.
References
[1] C. S. Anco and G. Bluman, Direct construction method for conservation laws of
partial differential equations Part II: General treatment, Euro. Jnl of Applied Math-
ematics 13, 567–585, 2002.
[2] A. Bressan and A. Constantin, Global conservative solutions of the Camassa-Holm
equation, Arch. Ration. Mech. Anal. 183 215-239, 2007.
[3] A. Bressan and A. Constantin, Global dissipative solutions of the Camassa-Holm
equation, Anal. Appl. 5, 127, 2007.
[4] R. Camassa and D. D. Holm, An integrable shallow water equation with peaked
solitons, Phys. Rev. Lett. 71, 11, 1661–1664, 1993.
[5] A. Constantin, On the Cauchy problem for the periodic Camassa-Holm equation, J.
Differential Equations 141, 218 -235, 1997.
[6] A. Constantin and J. Escher, Well-posedness, global existence, and blowup phenom-
ena for a periodic quasi-linear hyperbolic equation, Comm. Pure Appl. Math. 51,
475 -504, 1998.
[7] A. Constantin and W. Strauss, Stability of peakons, Comm. Pure Appl. Math. 53,
603- 610, 2000.
[8] A. Degasperis, D. D. Holm and A. N. W. Hone, A New Integrable Equation with
Peakon Solutions, Theor. and Math. Phys. 133, 2, 1463–1474, 2002.
[9] M. Euler and N. Euler, Integrating factors and conservation laws for some Camassa-
Holm type equations, Commun. Pure Appl. Anal. 11, 1421-1430, 2012.
12
[10] H. Holden and X. Raynaud, Golbal semigroup of conservative solutions of the non-
linear variational wave equation, Arch. Ration. Mech. Anal. 201, 871-964, 2011.
[11] D. D. Holm and R. I. Ivanov, Multi-component generalizations of the CH equation:
geometrical aspects, peakons and numerical examples, J. Phys A: Math. Theor 43,
492001 (20pp), 2010.
[12] J. Lenells, A variational approach to the stability of periodic peakons, J. Nonlinear
Math. Phys. 11, 151 -163, 2004.;
[13] Z. Lin and Y. Liu, Stability of peakons for the Degasperis-Procesi equation, Comm.
Pure Appl. Math. 62, 125 -146, 2009.
[14] V. Novikov, Generalisations of the Camassa-Holm equation, J. Phys. A 42 34, 342002,
14 pp, 2009.
[15] E. Wahlen, On the blow-up of solutions to the periodic Camassa-Holm equation,
NoDEA 13, 643-653, 2007.
[16] T. Wolf, A comparison of four approaches to the calculation of conservation laws,
Euro. Jnl of Applied Mathematics 13 (part 2), 129 -152, 2002.
[17] T. Wolf, Applications of CRACK in the Classification of Integrable Systems, CRM
Proceedings and Lecture Notes, 37, 283 -300, 2004.
[18] X. Wu, On the Cauchy problem for the periodic generalized Degasperis-Procesi equa-
tion, J. Funct. Anal. 260, 1428 -1445, 2011
